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Abstract
A physical theory is proposed that obeys both the principles of special
relativity and of quantum mechanics. As a key feature, the laws are formu-
lated in terms of quantum events rather than of particle states. Temporal
and spatial coordinates of a quantum event are treated on equal footing,
namely as self-adjoint operators on a Hilbert space. The theory is not
based upon Lagrangian or Hamiltonian mechanics, and breaks with the
concept of a continuously flowing time. The physical object under consid-
eration is a spinless particle exposed to an external potential. The theory
also accounts for particle-antiparticle pair creation and annihilation, and
is therefore not a single-particle theory in the usual sense. The Maxwell
equations are derived as a straightforward consequence of certain fun-
damental commutation relations. In the non-relativistic limit and in the
limit of vanishing time uncertainty, the Schro¨dinger equation of a spinless
particle exposed to an external electromagnetic field is obtained.
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1 Prolog
1.1 Introduction
It appears that all physical description is based upon the concept of time and
space, since anything which is subject to our perception is located within time
and space. The nature of these notions is so fundamental that in 1790 Immanuel
Kant [1] conceived of time and space as the conditions of our perception which
are prior to any experience and which therefore cannot be influenced by objects
which are only part of our experience. He finds himself in agreement with New-
ton, who acclaimed in 1687 in his famous Principia [2] the concept of absolute
time and space as those entities that exist in themselves and without relation to
anything external. This concept of time and space was firmly anchored in the
minds of the physicists of the 19th century. It is therefore quite understandable
why Einsteins Theory of Relativity [3] has evoked so much resistance among
physicists and philosophers. Einstein’s theory broke with the concept of abso-
lute time and space and demoted them into things which are influenced by the
material world and by the state of motion of the observer; time and space lost
their absolute status and became relative.
The theory of Quantum Mechanics has then continued attacking the phys-
ical fundament by bringing to light that the position and the momentum of a
particle, which formerly have been assumed to be independent quantities, are in
fact intrinsically linked, so that there is the same amount of information in the
particle’s position as there is in its momentum. Even worse, these quantities are
complementary, so that the precise knowledge about one of them excludes the
simultaneous precise knowledge about the other. And finally, the localization of
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a particle in space turned out to be in a principal way afflicted by an unavoid-
able finite uncertainty, which seemed to conflict with the classical concept of a
particle as a mass point of zero extension. Hence, space ceased to be a classical
entity and became quantum.
Surprisingly though, time has survived the quantum mechanical revolution.
In the non-relativistic quantum theory as well as in its relativistic counterpart,
time is treated as a classical parameter and not as a quantized entity. There
have been efforts to reformulate the quantum mechanical framework so that
time would be put on the same footing as space, like the Theory of Relativity
actually demands. But these approaches are controversal and do not seem to
truly resolve the problem. This amongst other inconsistencies has led many
researchers to favour the “peaceful coexistence” of Relativity and Quantum
Mechanics against a perfect integration of both theories into a single one. And
indeed, the results of such peaceful coexistence are very convincing. The Quan-
tum Field Theory leads to incredibly precise predictions and satisfies both quan-
tum mechanical and special-relativistic demands, although there still appear
certain annoying infinities that have to be removed by hand from the calcula-
tions. Under certain circumstances, and in particular when trying to incorporate
the gravitational aspect of Relativity, the infinities can no longer be removed,
and it remains unclear how a unified theory should tackle with this problem.
In the present paper, which is based on previous work [4], a quantum me-
chanical theory is put forward which incorporates in its fundament the concepts
of Quantum Mechanics and of Special Relativistic Mechanics. At the present
stage, the theory requires a flat spacetime structure. It should, however, be
possible in principle to find a formulation for curved spacetime.
The proposed theory can also be considered as a novel approach to the
problem of a time operator in quantum mechanics, and it shows the following
features:
1. It entails a quantization of time in full analogy to space.
2. It is relativistic.
3. It is not based upon Lagrangian or Hamiltonian mechanics.
4. It implies the standard theory as a limit case.
5. It is not afflicted by divergencies.
The physical object that is described by the theory is a spinless particle in empty
space, exposed to an external potential. Yet, the theory also accounts for the
creation and annihilation of a particle-antiparticle pair, and is therefore not a
single-particle theory in the usual sense.
The solution to this apparent contradiction lies in a new concept of space-
time kinematics. Instead of putting the state of a system, here an individual
3
particle, into the focus of the theory, it is the individual event which is the fun-
damental entity. The theory confines itself to the way that the particle comes
into being for the perception of a potential observer, namely in form of an event
with time and space among its observable qualities. Since the event is the
most fundamental object in the presented quantum mechanical theory, it will
be called the Quantum Event Theory (QET).
The theory does not contain any background time or proper time that would
still represent a classical dynamical parameter. Rather, time appears merely as
one particular component of the self-adjoint 4-position operator attributed to
a single event. Hence, temporal and spatial coordinates are all described in
operator form, and the coordinate axes represent the continuous spectra of
these operators. Since time is described by a quantum mechanical observable
with a purely continuous spectrum it shows an unavoidable finite uncertainty,
and therefore it becomes impossible to further conceive of a point in time where
something actually is existing. Clearly, this conflicts with the assumption of a
continuous flow of time.
The theory is not based upon Lagrangian or, equivalently, Hamiltonian me-
chanics, because these are based on the principle of least action and require
the existence of state trajectories and therefore rely on the concept of a flow-
ing time, which is not possible when considering time as a quantum number.
Hamiltonian mechanics appears as a limit case of QET when one considers a
vanishing time uncertainty under non-relativistic conditions.
We will work in a unit system where no natural constants appear in the
equations and where the only unit is the unit of distance. Later on, we will
change to the SI unit system by implementing the historically motivated natural
constants.
We will derive the Maxwell equations as a straightforward consequence of the
fundamental commutation relations between the components of the 4-position
and 4-momentum operators. In light of this derivation, the electromagnetic
interaction appears as a profound expression of the quantum nature of time and
space.
By applying the nonrelativistic limit and the limit of vanishing time uncer-
tainty, we will eventually derive the Schro¨dinger equation of a spinless particle
exposed to an electromagnetic field.
1.2 Provocative thoughts: A new role for space and time?
Let us have a look at the famous part of Newton’s Principia [2] where he
introduces the notion of absolute time:
Absolute, true, and mathematical time, of itself and from its own
nature, flows equably and without relation to anything external.
Now let us slightly modify the above formulation:
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True and mathematical time, of itself and from its own nature, flows
equably.
We obtain a statement which would be true within all generally accepted
physical theories. Let us denote the so-defined concept of physical time the
flowing time. In particular, the concept of flowing time implies that there are
no “holes” within the evolution of a system. In other words:
A physical system is at any point in time in a particular state.
Now this is indeed the basis of our intuition and of all generally accepted
physical theories. The change of state of a physical system in the course of
the flowing time represents the continuous evolution of the system. A physical
theory should then be capable of telling us how this evolution takes place in
that it predicts or retrodicts the state of the system at a certain time point
conditional on the state of the system at another time point. This condition
then represents the final or initial condition, depending on the ordering between
the two time points.
QET breaks with this fundamental concept of flowing time. The continuous
evolution of a system is replaced by the discrete appearance of individual events.
Between neighbouring events there “is” nothing, because nothing is happening.
The notion of existence which seems to be already at the fundament, appears as
a manifestation of a more fundamental notion: occurrence. When an electron
does not show up in form of a detector event, its actual existence is a mere
assumption. On the other hand, whenever a detector event occurs, the electron
is certain to exist at the time of occurrence. Hence, occurence gives rise to
existence, and existence is in need of occurence. From this point of view it
appears reasonable to formulate a physical theory on the basis of the factual
occurence of individual events instead of the assumed existence of a definite
system state.
Two neighbouring events constitute an indivual quantum process. QET en-
ables us to calculate the probability for the occurence of any such process. Since
it is a purely probabilistic theory, it does not have to face the interpretational
ambiguities usually addressed as the “measurement problem”, which basically
stem from the coexistence of a deterministic and continuous evolution, and a
probabilistic and discontinuous state reduction. QET decides in favour of the
probabilistic and discontinuous aspects. The factual history of the universe is
entirely composed from discrete quantum events that cause one another in a
probabilistic manner. Although the underlying laws of nature are clear and un-
ambiguous, they are purely probabilistic, hence the unravelling of an individual
history is not uniquely determined by the first event.
Clearly, a single event does not evolve, it simply happens. Therefore, the
time operator appearing in the theory does not measure a dynamical quantity,
in that it does not quantify change but rather a component of position in space-
time. Dynamics enters the theory only in form of discrete quantum processes
5
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Figure 1: A continuous worldline of a classical particle. In QET every worldline de-
composes into discrete elementary events of finite size. The theory then gives the
probability for the transition between neighbouring events. The size of each event de-
pends on the resolution of the corresponding detector. For example, the gas molecules
in a fog chamber may serve as detectors.
each involving two quantum events. If one event occurs in the lightcone of the
other then the process appears to the observer as a change of state of one par-
ticle (see Fig. 1). If both events occur outside each other’s lightcone then the
process looks like the detection of two particles with different properties. This
appears to the observer as the creation or annihilation of a pair of particles (see
Fig. 2). QET in its present form is not a single-particle but rather a single-event
theory, because it describes the history of one individual event on its journey
through space and time. The event history, however, is not necessarily coupled
to the direction of time, which distinguishes it from the particle history as it
appears to the observer. There is a kind of “meta-ordering” between the events,
that is not linked to the course of time but rather to the course of the stochastic
process.
Time is not considered as a dynamical entity but rather as one coordinate
of an event, and treated in the same manner as the spatial coordinates. Coordi-
nates of an event do not undergo any sort of evolution, they do not change, they
simply are, because they only describe one single event which occurs somewhere
in space and time.
On the other hand, the time operators which are usually considered in the
literature account for the change of the system, and are thus in some way
or the other dependent on the external conditions. Let us call operators of
this kind dynamical time operators. It is not necessarily so that the dynamical
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Figure 2: The creation of a particle-antiparticle pair. The worldline of each particle
abruptly ends at the point of creation. In QET there would be no such abrupt ending.
Instead, the creation process is described as a series of jumps of a single event in
spacetime, switching the sign of energy and thereby the direction of time.
time operators are all explicitly time-dependent. In fact, many dynamical time
operators are not time-dependent, for example the arrival time operators. But
all dynamical time operators are intertwined with the external setting. If the
external setting is altered, e.g. some energetic potential is switched on or off, the
dynamics of the system will also alter, and so will the dynamical time operator.
Not so with the time operator considered in QET. It is not dependent in any
way on the external setting, on the existence of forces, potentials, perturbations,
interactions or whatever. It remains completely unaffected, because it represents
the time.
What is the time? What is the space? In Kant’s view time and space are
the conditions of perception, they are the most fundamental entities which all
of our perception and therefore all of our description is build upon. In QET the
most fundamental entity is not time and space, it is the event. And time and
space are only specific qualities of an event, just like color and taste are specific
qualities of an apple. Kant is, and most of us are, visualizing time and space
as the big arena where everything happens. Let us reverse this picture: The
things that happen, the events itself, are the arena for time and space! Each
event creates its own time and space, and through the occurrence of all these
events, the spacetime is unfolded and blown up like a balloon that contains the
evolving universe.
Possibly, time has not yet been truly quantized because it represents the
last fibre that ties quantum mechanics to the classical intuition of a continuous
spacetime arena. I believe that as long as we do not cut this fibre, we will not
7
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Figure 3: The history of an event as it would look in the kinetic energy-momentum
representation. A fundamental principle of QET demands that all events that constitute
the history are located on the kinetic mass shell (here only the upper part is shown).
In the total energy-momentum representation, the history would in general look more
complicated, because the mass shell is deformed by the potentials.
succeed in finding a grand unified theory.
In QET we consider the spacetime coordinates as just certain qualities of
an event, and the coordinate axes are just the continuous spectra of the corre-
sponding time and space operators. If we take other operators then we could
describe everything that happens without ever mentioning time or space. We
could, for example, tell the history of the universe completely in terms of energy
and momentum (see Fig. 3).
One might say that a quantum state cannot be as fundamental as a quantum
event because it does not entail intrinsic information about time. Within the
framework of any theory whose central object of description is the state of a
system, time is always an external degree of freedom which stems from the
classical external environment (us, the observer). The question is: Does Nature
truly consider time an external classical parameter? This might be the case,
and the existing theories tell us so. But maybe this is not the case, and then
we need a new theory.
1.3 Some theoretical context
There is a long history of controversies about the role of time in quantum
mechanics, and a glimpse at the amount of controversal literature on this issue
makes clear that proposing a “new” treatment of time is much like taking a fresh
jump into the mud. I will not comment on all the currently existing approaches,
not only because it would take too much room, but also because there already
8
are much better reviews than I could possibly provide. For example, a very good
review on the role of time in quantum mechanics can be found in [5].
In the previous section it should have become clear that I am not consid-
ering dynamical time operators as, for example, the operators for the time of
arrival [6, 7, 8, 9, 10], the time of flight [11, 12], the time of occurence [13], the
lifetime [14], the tunneling time [15, 16], and the characteristic time [17, 18]. I
am also not considering the duration and timing of quantum jumps [19, 20, 21],
nor am I involved in quantum clocks and their behaviour [17, 22, 23, 24]. The
conception probably closest to mine seems to be the consistent histories ap-
proach [25, 26, 22, 27], which describes the evolution of a quantum system as
a series of individual events. However, in this approach the time is a sharply
defined classical parameter and the dynamics is unitary. Another approach si-
miliar to QET seems to be at first sight the event enhanced quantum theory
(EEQT) [28, 29]. However, a closer look shows that the events considered in
EEQT are associated with the changes of the state of a classical system coupled
to a quantum system, and are modeled on the basis of a modified Schro¨dinger
equation involving a classical time parameter. Also the relativistic version of
EEQT is based on a classical time parameter, namely the proper time.
The above mentioned approaches are based on some sort of classical time
parameter and involve piecewise continuous evolution. This goes in contrast
to the theory proposed here, where time is considered as merely one particular
coordinate of an individual event, and is quantized in exactly the same manner as
the spatial coordinates. The dynamics predicted by the theory is not continuous,
and it is not unitary, except in the non-relativistic limit where particle creation
and annihilation is excluded.
2 Axiomatic Foundation
2.1 Quantum Events
Following the reasoning of the previous section, instead of assuming that the
universe is composed out of elementary particles, we assume that the history
of the universe is composed out of elementary events which we will also call
quantum events. In this way, not only the spatial but also the temporal aspect
of the universe obtains a discrete, grainy structure. There is no continuous
evolution like in the standard theories, but rather a discrete sequence of indi-
vidual transitions, or “jumps”, from one quantum event to another. The theory
which we will be developing here enables us to calculate the probability for each
individual jump process.
Classically, a particle appears at some time t and at some position ~x, so
the corresponding quantum event would be represented by a point (t, ~x) in
Minkowski spacetimeR4 which is called the 4-position. Let us use the shorthand
notation
x ≡ (t, ~x) (1)
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for points in spacetime, and fix the natural unit of each component of x to “1
meter’, in short “1 m”,
[xα] = 1m. (2)
The zeroth component x0 = t obtains the same unit as the spacelike compo-
nents ~x, which is understood in the sense that t = 10m denotes the time that
light needs to travel a distance of 10 meters through the empty space. (One
might call this unit of time a “lightmeter”, in analogy to the the “lightyear” as
a unit of distance.) By construction then, the speed of light is c = 1.
Now it is straightforward to represent the quantum version of a quantum
event by a complex wave packet ψ(x) in Minkowski spacetime. However, in
contrast to the wave function of standard quantum mechanics, let us understand
the zeroth component x0 = t of the argument of ψ not as the parameter of
continuous time evolution, but rather as the temporal coordinate of a single
quantum event, just like ~x are the spatial coordinates. Let us call ψ(x) the
event wave function. In direct analogy to the standard quantum theory, we
require that the integration of |ψ(x)|2 over spacetime yields a finite value,∫
d4x |ψ(x)|2 <∞. (3)
In other words, any event wave function ψ(x) is an element of the Hilbert space
E := L2(R4) of square-integrable functions over spacetime, which will be called
the event space, and which is endowed with the scalar product
〈ψ|φ〉 :=
∫
d4xψ∗(x)φ(x), (4)
so that the norm in E is given by ‖ψ‖ =√〈ψ|ψ〉. All this can be collected into
the following postulate.
Postulate 1 (Quantum Events)
The history of the universe is composed out of quantum events. Each
quantum event indicates the detection of a particle. A spinless quantum
event is mathematically represented by an element ψ of the Hilbert space
E = L2(R4).
Let us switch to the abstract Dirac notation. In a process of elementary quan-
tization, the spacetime coordinates of a classical event x are mapped to a ket
|x〉,
x 7→ |x〉, (5)
so the ket |x〉 can be regarded as a quantum version of the classical event x.
As it stands for a point event, the ket |x〉 is an idealized entity. A realistic
quantum event |ψ〉 would be spread over a finite region of uncertainty, so it is
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represented by a continuous linear superposition of point events
|ψ〉 =
∫
d4xψ(x)|x〉, (6)
where the complex function ψ(x) is an element of the Hilbert space L2(R4).
In this abstract picture, the event space populated by the vectors |ψ〉 is the ket
space
E = { ∫ d4xψ(x)|x〉 | ψ ∈ L2(R4)}. (7)
We shall refer to the set
Bx := {|x〉 | x ∈ R4} (8)
as the 4-position basis whose members fulfill the orthonormal and completeness
relations
〈x|x′〉 = δ(x− x′) (9)∫
d4x |x〉〈x| = 1. (10)
The structure of the Hilbert space E guarantees that any non-trivial vector |ψ〉 ∈
E is extended over time and space, because the completeness of the Hilbert space
implies that any vector extended over a set of measure zero coincides with the
null vector denoted by |∅〉. The finite spacetime extension of any nontrivial
vector in E implies an uncertainty in time and space. Although the point events
|x〉 are not extended, they are, as basis vectors, assumed to be not identical to
the null vector. This is only possible because the point events |x〉 are in fact
improper vectors outside the Hilbert space E . They belong to the distribution
space Θ† which is the dual to the test space Θ ≃ S(R4), where S(R4) is the
Schwartz space of rapidly decreasing functions over R4. While Θ, E and Θ† are
abstract spaces, the corresponding spaces S(R4), L2(R4) are function spaces
and the space S†(R4) is the space of linear-continuous functionals over S(R4).
The test space Θ, Hilbert space E and distribution space Θ† form a Gelfand
triplet [30]:
Θ ⊂ E ⊂ Θ†. (11)
With |χ〉 ∈ Θ† being an improper vector, the bracket 〈χ|ϑ〉 is for any test vector
|ϑ〉 ∈ Θ defined as the complex number
〈χ|ϑ〉 := χ∗[ϑ], (12)
where χ : S(R4)→ C is the distribution corresponding to |χ〉 and ϑ is the test
function corresponding to |ϑ〉.
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2.2 Properties
Classical properties can be represented by sets. An object x is said to have a
property a if there is a corresponding setMa so that x ∈ Ma. The type of the
object is represented by a set Ω so that any allowed property of type-Ω objects
is represented by a subset of Ω. The logical operations are represented by set
operations, namely
a ∧ b ↔ Ma ∩Mb
a ∨ b ↔ Ma ∪Mb
∼ a ↔ Mca ≡ Ω \Ma,
(13)
where a ∧ b means “a and b”, a ∨ b means “a or b” and ∼ a means “not a”.
Quantum properties can be represented by vector spaces, so that an object
ψ has the property a if there is a corresponding vector space Va so that ψ ∈ Va.
The type of the object is represented by a Hilbert space Ω so that any allowed
property of type-Ω objects is represented by a subspace of Ω. The logical
operations are represented by vector space operations, namely
a ∧ b ↔ Va ∩ Vb
a ∨ b ↔ Va + Vb
∼ a ↔ V⊥a ,
(14)
where the sum of two subspaces Va,Vb ⊂ Ω is defined by
Va + Vb := {ψ + φ | ψ ∈ Va, φ ∈ Vb}, (15)
and where the orthogonal complement of a subspace Va ∈ Ω is defined by
V⊥a := {φ ∈ Ω | 〈φ|ψ〉 = 0,∀ψ ∈ Va}. (16)
The algebraic structure (14) is also referred to as “quantum logic”.
The objects of standard quantum mechanics are elements of a Hilbert space
H = L2(R3). The type of these objects is that of the state of a spinless particle.
The objects of QET are elements of the Hilbert space E = L2(R4) and so they
are of a different type. Indeed, they do not represent states of a particle but
rather individual detector events. The bridge between events and particles is
given by postulate 1: Each event indicates the detection of a particle. The
properties of particles are therefore inherited by the properties of events, which
are defined by the subspaces of E as constituted by the following postulate.
Postulate 2 (Properties and Detectors)
Properties of quantum events are represented by subspaces of the event
space E . A quantum event ψ ∈ E is said to show the property a if there is a
corresponding subspace Va ⊂ E so that ψ ∈ Va. The logical operations are
realized by (14).
A detector for the property value a corresponding to the subspace Va is
represented by the projector Πˆa projecting on Va.
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As follows from the logical relations (14), two properties a and b are mutually
exclusive exactly if their corresponding detectors obey ΠˆaΠˆb = 0. An event ψ
has the property a exactly if Πˆa|ψ〉 = |ψ〉. If A = {a} is a discrete set of real
numbers, and {Πˆa} is a corresponding set of mutually orthogonal projectors,
then each value a can be interpreted as a possible value of some observable
aspect represented by the self-adjoint operator
Aˆ =
∑
a∈A
a Πˆa, (17)
so that ψ has the property a exactly if it is an eigenvector of Aˆ with the
eigenvalue a, i.e. Aˆ|ψ〉 = a|ψ〉. The set A is then identical to the discrete
spectrum σ(Aˆ). Let us now consider generalized projectors which project onto
improper subspaces of E . If Aˆ is a self-adjoint operator with a continuous
spectrum σ(Aˆ), and if a ∈ σ(Aˆ), then
Πˆa = δ(Aˆ− a) (18)
is the generalized projector onto the improper eigenspace Va corresponding to
the eigenvalue a. The generalized projectors are mutually orthogonal,
ΠˆaΠˆa′ = δ(a− a′)Πˆa, (19)
and complete ∫
σ(Aˆ)
da Πˆa = 1, (20)
so that there is an essentially self-adjoint operator Aˆ defined by
Aˆ =
∫
σ(Aˆ)
da a Πˆa. (21)
The improper eigenspace Va is in fact not a subspace of E , but rather it is a
subspace of the distribution space Θ† from the Gelfand triplet (Θ, E ,Θ†). The
correct definition of Va is therefore
Va = {χa ∈ Θ† | (Aˆ− a)|χa〉 = 0}, (22)
so any element of Va is a distribution on the test space Θ ⊂ E . Because Va is
not a subspace of E , it does, by Postulate 2, not represent a property of type-E
objects, that is, of quantum events. So what is the intepretation in this case?
Although any Πˆa is an improper projector, any integral over a subset A ⊂ σ(Aˆ)
yields a proper projector,
ΠˆA :=
∫
A
da Πˆa. (23)
Therefore, the space VA corresponding to the projector ΠˆA is a subspace of E
and thus A represents a valid property of quantum events. One should note that
13
the operator Aˆ defined by (21) is only essentially self-adjoint, which means that
it is symmetric on a dense subset of E , and has a unique self-adjoint extension.
We combine the above reasonings into the following postulate.
Postulate 3 (Observables)
Any essentially self-adjoint operator Aˆ on E is called an observable and
represents an observable quality of a quantum event with the spectrum σ(Aˆ)
as the set of observable values. The value
〈Aˆ〉 := 〈ψ|Aˆ|ψ〉〈ψ|ψ〉 (24)
is called the center of Aˆ for the event ψ ∈ E , and the value
∆A :=
√
〈Aˆ2〉 − 〈Aˆ〉2 (25)
is called the uncertainty of Aˆ for the event ψ.
The values 〈Aˆ〉 and ∆A are characterizations of ψ with respect to Aˆ and are
not understood in a statistical sense. Statistics will enter the theory in form
of transition probabilities between individual events. Together with Postulate 2
we see that if the uncertainty vanishes, ∆A = 0, then ψ is an eigenvector of
Aˆ, so that the corresponding eigenvalue a coincides with the center 〈Aˆ〉, so
that 〈Aˆ〉 = a can be interpreted as the exact measured value of the property
represented by the eigenspace Va corresponding to a. If Aˆ is an observable with
a purely continuous spectrum, then there is no eigenvector in E and we have
∆A > 0 for any ψ ∈ E , so there is always a finite uncertainty of Aˆ. Only
the subspaces containing ψ represent the actual properties of ψ. If Πˆa is the
projector onto the subspace Va, then ψ shows the corresponding property a
exactly if
〈Πˆa〉 = 1, (26)
and therefore
∆Πa = 〈Πˆ2a〉 − 〈Πˆa〉2 (27)
= 〈Πˆa〉 − 〈Πˆa〉2 = 0. (28)
Let λ be any real number, Aˆ, Bˆ self-adjoint operators on E and ψ ∈ E a
normalized vector. Then the operators Aˆ′ ≡ Aˆ − 〈Aˆ〉 and Bˆ′ ≡ Bˆ − 〈Bˆ〉 are
also self-adjoint and thus
0 ≤ 〈ψ|(Aˆ′ − iλBˆ′)(Aˆ′ + iλBˆ′)|ψ〉 (29)
= 〈ψ|(Aˆ′2 + iλ[Aˆ′, Bˆ′] + λ2Bˆ′2)|ψ〉 (30)
= λ2〈Bˆ′2〉+ λ〈i[Aˆ, Bˆ]〉+ 〈Aˆ′2〉 (31)
= λ2(∆B)2 + λ〈i[Aˆ, Bˆ]〉+ (∆A)2. (32)
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The righthand side of the above inequality is a quadratic function in λ of the
form f(λ) = aλ2 + bλ + c, which is only nonnegative if the coefficients fulfill
b2 ≤ 4ac, thus
〈i[Aˆ, Bˆ]〉2 ≤ 4(∆B)2(∆A)2 (33)
from where one obtains the Heisenberg uncertainty relation
∆A∆B ≥ 1
2
|〈[Aˆ, Bˆ]〉|. (34)
Consequently, an event cannot show two properties a and b if the projectors
onto the corresponding subspaces do not commute. Note that additions like
“at the same time” or “simultaneously” are not necessary here, yet they are
even meaningless, because time is not involved as a special parameter. An
event shows a property or not, and that is all.
2.3 Position and momentum
Postulate 4 (Position and Momentum)
The 4-position of a quantum event is represented by a 4-dimensional operator
xˆ defined by
xˆψ(x) = xψ(x). (35)
The dynamics is governed by a 4-dimensional observable ℘ˆ called the kinetic
4-momentum, which is a self-adjoint operator on E whose components obey
the commutation relations
[℘ˆα, xˆβ] = igαβ . (36)
The commutators of the components of ℘ˆ define the components of the
self-adjoint tensor operator
Fˆαβ := i[℘ˆα, ℘ˆβ], (37)
which is called the interaction tensor. The case Fˆαβ = 0 is denoted as the
free case. The total 4-momentum pˆ is defined by
pˆψ(x) := i∂ψ(x), (38)
and the potential 4-momentum is defined by
Aˆ := pˆ− ℘ˆ. (39)
In analogy to the Hamilton operator Hˆ in standard QM, the kinetic 4-momentum
℘ˆ must be apriori known to make any predictions about the dynamics. Just like
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with the kinetic 4-momentum ℘ˆ, the components of the total 4-momentum pˆ
fulfill the relations
[pˆα, xˆβ] = igαβ , (40)
but in contrast to ℘ˆ they all mutually commute,
[pˆα, pˆβ ] = 0. (41)
Therefore the total 4-momentum is a good candidate for the kinetic 4-momentum
of a free particle. Indeed, as we will later see, both operators are in the free
case connected by a gauge transformation and can thus be physically identified.
2.4 Electromagnetic interaction
We will now derive the Maxwell equations from postulate 4 by showing that
the commutation relations (36) put restrictions on the interaction tensor Fˆαβ
which are equivalent to the Maxwell equations in the presence of an external
conserved current, so that Fˆαβ can be identified with the observable of the
electromagnetic field induced by an external current.
Using the commutation relations (36) and (40), we see that the potential
4-momentum commutes with the 4-position,
[Aˆα, xˆβ] = [pˆα − ℘ˆα, xˆβ] (42)
= [pˆα, xˆβ ]− [℘ˆα, xˆβ] (43)
= igαβ − igαβ = 0. (44)
Together with the fact that both operators act on the same Hilbert space E and
that xˆ has a non-degenerate spectrum, the condition [Aˆα, xˆβ] = 0 implies that
Aˆ must be diagonal in x, so
Aˆ =
∫
d4xA(x)|x〉〈x|, (45)
where A(x) is a real-valued function on R4. Furthermore, we see that the
interaction tensor Fˆαβ defined in (37) must have the form
Fˆαβ = i[℘ˆα, ℘ˆβ ] (46)
= i[pˆα − Aˆα, pˆβ − Aˆβ ] (47)
= i[pˆα, pˆβ]− i[Aˆα, pˆβ]− i[pˆα, Aˆβ] + i[Aˆα, Aˆβ ] (48)
= −i[pˆα, Aˆβ ] + i[pˆβ, Aˆα] (49)
= ∂αAβ − ∂βAα, (50)
where we used that
[Aˆ, f(Bˆ)] = c f ′(Bˆ) (51)
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for any two operators obeying [Aˆ, Bˆ] = c. Thus Fˆαβ is diagonal in x and its
matrix elements are given by Fαβ = ∂αAβ − ∂βAα. The interaction tensor is
obviously antisymmetric,
Fˆαβ = −Fˆ βα, (52)
and self-adjoint,
Fˆαβ† = Fˆαβ . (53)
Because Fˆαβ and Aˆ are both diagonal in x, they commute,
[Fˆαβ, Aˆγ ] = 0, (54)
and thus
[Fˆαβ , ℘ˆγ ] = [Fˆαβ , pˆγ ] = −i∂γFαβ. (55)
Now we use the Jacobi identity
[Aˆ, [Bˆ, Cˆ]] + [Cˆ, [Aˆ, Bˆ]] + [Bˆ, [Cˆ, Aˆ]] = 0 (56)
to see that
[℘ˆγ , [℘ˆα, ℘ˆβ]] + [℘ˆβ, [℘ˆγ , ℘ˆα]] + [℘ˆα, [℘ˆβ , ℘ˆγ ]] = 0, (57)
so together with (37) and (55) we find
∂γFαβ + ∂αF βγ + ∂βF γα = 0, (58)
which coincides with the homogeneous Maxwell equations. Now consider
∂α∂
α∂βA
β = ∂β∂
β∂αA
α (59)
and thus
∂α∂
α∂βA
β − ∂β∂β∂αAα = 0 (60)
⇔ ∂β∂α{∂αAβ − ∂βAα} = 0 (61)
which yields together with (50)
∂α∂βF
αβ = 0. (62)
If we define the quantity
J α := ∂βFαβ, (63)
then (62) implies that this new quantity fulfills a continuity relation
∂αJ α = 0, (64)
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and can thus be identified with a conserved current of some external source.
Equation (63) coincides with the inhomogenuous Maxwell equations for a given
conserved current. Definition (63) can also be written in the more abstract form
Jˆ α = i[℘ˆβ, Fˆ βα]. (65)
Now that we have shown that the field tensor Fˆαβ obeys restrictions which
are equivalent to the Maxwell equations in the presence of an external source,
we can identify Fˆαβ with the electromagnetic field tensor and Aˆα with the
electromagnetic 4-potential. The electric and magnetic field are obtained from
Fˆαβ by the definitions
Eˆi := Fˆ i0 (66)
Bˆi :=
1
2
ǫijkFˆ jk, (67)
which can be inverted as
Fˆ i0 = Eˆi, Fˆ ij = ǫijkBˆk. (68)
The electric and magnetic field operators are self-adjoint and diagonal in x
because the field tensor Fˆαβ is so. They correspond to observables measuring
the strength of the electric and magnetic field at each point in spacetime.
Denote the components of the potential 4-momentum by
Aˆ = (Uˆ, ~ˆA), (69)
with Uˆ being called the potential energy and ~ˆA being called the potential mo-
mentum. Then, in spacetime representation the electric and magnetic field (66)
and (67) read
~E = −~∇U− ∂
∂t
~A (70)
~B = ~∇× ~A. (71)
Altogether, the electromagnetic field tensor admits the form
Fαβ =


0 −E1 −E2 −E3
E1 0 −B3 B2
E2 B3 0 −B1
E3 −B2 B1 0

 . (72)
The homogenous Maxwell equations (58) can be written as
~∇ · ~B = 0 (73)
~∇× ~E + ∂
∂t
~B = 0, (74)
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while the inhomogeneous Maxwell equations (63) read
~∇ · ~E = J 0 (75)
~∇× ~B − ∂
∂t
~E = ~J , (76)
where J is the conserved 4-current of an external source. The vacuum case is
a special case where
Jˆ α = 0, (77)
which leads together with (63) to the vacuum Maxwell equations
∂βF
αβ = 0. (78)
The natural units of electric and magnetic field coincide with those of the elec-
tromagnetic field tensor which by definition (37) are given by
[Fαβ ] = [pα][pβ] =
1
m2
. (79)
2.5 Quantum processes
In standard quantum mechanics, a particle state is defined by its properties, and
these properties are time-dependent: As time goes by, the particle changes its
properties and therefore changes its state. In QET, a quantum event is defined
by its properties, but these properties are not time-dependent: An event occurs
and does not evolve. So how can the evolution of a particle actually be described
in this framework, or in other words: Where is the dynamics?
The basic ingredient for a dynamical theory is the causation between indi-
vidual events. Let us define that two events ψ and φ where the first one causes
the second, constitute an elementary quantum process written as ψ → φ. The
task of the theory is now to give us the probability for any such process.
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Postulate 5 (Quantum Process)
Any observable process involving a spinless particle is a discrete jump process
in the event Hilbert space E = L2(R4). The transition amplitude for the
process ψ → φ is defined by the matrix elements
τ(φ,ψ) := 〈φ|Gˆ|ψ〉 (80)
where the propagator Gˆ is defined by
Gˆ := δ(℘ˆ2 −m2). (81)
An event ψ ∈ E is called physically allowed if its self-amplitude does not
vanish, that is
τ(ψ,ψ) 6= 0. (82)
The probability for the process ψ → φ is for any two physically allowed
events ψ, φ ∈ E given by
P (φ,ψ) :=
|τ(φ,ψ)|2
τ(φ, φ)τ(ψ,ψ)
. (83)
The propagator Gˆ obviously takes care that the event is located on the kinetic
mass shell and does not leave it while undergoing a transition. If we define the
operator for the kinetic mass square via
mˆ2 := ℘ˆ2, (84)
then postulate 5 is the mathematical correlate of the following physical principle:
Any physically allowed quantum process takes place on the kinetic
mass shell corresponding to a fixed mass parameter which is specific
to the type of the particle under study.
Note that here and in the following we understand the kinetic mass shell as con-
sisting of the upper and the lower part corresponding to positive and negative
kinetic energy, respectively. Later we will derive the familiar physical interpre-
tation in terms of particles and antiparticles.
The transition amplitude τ is a sesquilinear form, that is,
τ(aφ, bψ) = a∗b τ(φ,ψ), a, b ∈ C
τ(φ1 + φ2, ψ) = τ(φ1, ψ) + τ(φ2, ψ)
τ(φ,ψ1 + ψ2) = τ(φ,ψ1) + τ(φ,ψ2).
(85)
Furthermore we have
τ(ψ, φ) = τ∗(φ,ψ) (86)
and
τ(ψ,ψ) ≥ 0, (87)
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because the propagator Gˆ is symmetric and positive, which we may denote a
bit sloppily as
Gˆ† = Gˆ, Gˆ ≥ 0. (88)
Altogether, the transition amplitude τ is a positive semidefinite hermitian form
on E . Now let λ be any real number, then because of (87) we have
0 ≤ τ(ψ + λφ, ψ + λφ) (89)
= τ(ψ,ψ) + 2λRe{τ(φ,ψ)} + λ2τ(φ, φ) (90)
≤ τ(ψ,ψ) + 2λ|τ(φ,ψ)| + λ2τ(φ, φ) (91)
The righthand side of this inequality is a quadratic function in λ of the form
f(λ) = aλ2+bλ+c, which is only nonnegative if the coefficients fulfill b2 ≤ 4ac,
thus
|τ(φ,ψ)|2 ≤ τ(φ, φ)τ(ψ,ψ). (92)
By (87) and (92) we have
0 ≤ P (φ,ψ) ≤ 1, (93)
as required for a probability interpretation. The transition amplitude can be
written as
τ(φ,ψ) =
∫
d4x
∫
d4x′ φ∗(x)G(x,x′)ψ(x), (94)
where
G(x,x′) = 〈x|Gˆ|x′〉 (95)
is the propagator function. The propagator Gˆ takes the role of the unitary time
evolution operator Uˆ(t, t′) in standard quantum mechanics. In terms of the
propagator, the transition probabilities (83) are given by
P (φ,ψ) =
|〈φ|Gˆ|ψ〉|2
〈φ|Gˆ|φ〉〈ψ|Gˆ|ψ〉 . (96)
These probabilities are defined for all pairs of physically allowed events, which
do not form a mutually exclusive and exhaustive set. They can, however, be in-
terpreted in the following sense. If in Nψ independent and identical experiments
the event |ψ〉 occurs and there is a detector for the occurence of another event
|φ〉, then the number Mφ of detector clicks corresponding to φ approximates
Mφ → P (φ,ψ)Nψ (97)
in the limit of Nψ →∞. The number P (φ,ψ) can be regarded as the tendency
that the event ψ causes the event φ. And because P (φ,ψ) is symmetric, the
same tendency holds for the other causal direction. Such a notion of probability
is certainly more rudimentary than the usual one, which applies to an exclusive
and exhaustive set of individual events.
21
3 Transformations
3.1 Translation
Let us see how total energy and momentum arise naturally as the generators of
spacetime translations. For any a ∈ R4 the spacetime translation T (a) ∈ T
from the translation group T acts on an event x ∈ R4 as
T (a) : x 7→ x+ a. (98)
By applying the quantization rule (5) we find that the corresponding quantum
operation is given by
UˆT (a) : |x〉 7→ |x+ a〉, (99)
so the translation operator can be written as
UˆT (a) =
∫
d4x |x+ a〉〈x| (100)
which is a unitary operator on E , as can easily be verified. Therefore the
translation group T has a unitary representation
UT := {UˆT (a) | a ∈ R4} (101)
on the event space E . The translations form a Lie group, so let us look for
the generators. In spacetime representation, the action of UˆT (a) on an event
|ψ〉 ∈ E reads
UˆT (a)ψ(x) = 〈x|UˆT (a)|ψ〉 (102)
= 〈x− a|ψ〉 (103)
= ψ(x− a). (104)
For an infinitesimal translation T (da) we have
UˆT (da)ψ(x) = ψ(x− da) (105)
= ψ(x)− daα∂ψ(x)
∂xα
(106)
= ψ(x)− (da · ∂)ψ(x) (107)
= ψ(x) + i (da · pˆ)ψ(x), (108)
where
∂ :=
∂
∂x
= (
∂
∂t
,−~∇x) (109)
is the 4-derivative and where we have used definition (38) for the total 4-
momentum operator, which is thus the generator of the group UT . The finite
transformation is thus given by
UˆT (a) = e
iapˆ. (110)
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Let us find the eigenvectors of pˆ. For any eigenvector |p〉 we have
〈x|pˆ|p〉 = p〈x|p〉, (111)
and also
〈x|pˆ|p〉 = i∂〈x|p〉. (112)
This implies the differential equation
i∂〈x|p〉 = p〈x|p〉, (113)
which is solved by
〈x|p〉 = 1√
2π
4 e
−ipx, (114)
where we have readily chosen the normalization constant such that the orthonor-
mality condition
〈p|p′〉 = δ(p − p′) (115)
is fulfilled. Applying the completeness relation (10) to |p〉 and using (114),
we find that the eigenvectors |p〉 are obtained by Fourier transformation of the
position eigenvectors |x〉,
|p〉 = 1√
2π
4
∫
d4x e−ipx|x〉, (116)
from where we find that ∫
d4p |p〉〈p| = 1. (117)
Thus the set
Bp := {|p〉 | p ∈ R4} (118)
constitutes an orthonormal and complete basis of E . A 4-momentum eigenvector
is transformed under translation as
UˆT (a)|p〉 = eipa|p〉. (119)
Let us use the shorthand notation
p ≡ (E, ~p). (120)
where E is the total energy and ~p is the total momentum. The energy operator
Eˆ thus appears as the generator of time translations, while the momentum
operator ~ˆp appears as the generator of space translations. Since they are self-
adjoint operators on E they represent properties. In spacetime representation,
energy and momentum obtain in the form
Eˆ = i
∂
∂t
, ~ˆp = −i~∇x. (121)
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As one can easily verify, the 4-position is affected by a translation while the
4-momentum is not:
Uˆ †T (a)xˆUˆT (a) = xˆ+ a, (122)
Uˆ †T (a)pˆUˆT (a) = pˆ. (123)
The improper vector |p〉 = |E, ~p〉 thus represents an event with energy E and
momentum ~p. It is impossible to specify when and where this event occurs,
because |p〉 has an infinite uncertainty in time and space, because its amplitude
is a plain wave in spacetime.
Let us fix the natural unit of the 4-momentum. Because px is in the
exponent it must be free of units, each component of p should have the unit of
a reverse position:
[pα] =
1
[xα]
=
1
m
. (124)
By construction then, the Planck constant is ~ = 1.
3.2 Lorentz transformation
The group L of Lorentz transformations enters the stage when the observer is
taken to a different reference frame. If an event has the coordinates x within
the original reference frame then in another reference frame its coordinates are
Lorentz transformed by the matrix Λ ∈ L according to
Λ : x 7→ Λx. (125)
The Lorentz group consists of all 4 × 4-matrices Λ that leave scalar products
xy invariant:
(Λx)(Λy) = xy, ∀x,y ∈ R4, (126)
where the scalar product is defined by
xy := xαy
α ≡ gαβxαyβ (127)
and where the Einstein summation convention is used and the metric tensor of
special relativity is defined by
gµν =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 . (128)
Lorentz invariance of scalars can also be expressed as
x(Λy) = (Λ−1x)y, ∀x,y ∈ R4. (129)
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Applying the quantization rule (5), equation (125) implies that the correspond-
ing operator UˆΛ is defined by
UˆΛ : |x〉 7→ |Λx〉, (130)
and can thus be written as
UˆΛ =
∫
d4x |Λx〉〈x|. (131)
Let us show that this defines a unitary transformation:
Uˆ †ΛUˆΛ =
∫
d4x
∫
d4x′ |x〉〈Λx|Λx′〉〈x′| (132)
=
∫
d4x
∫
d4x′ δ(Λx− Λx′)|x〉〈x′| (133)
=
∫
d4x
∫
d4x′
1
|det Λ|δ(x− x
′)|x〉〈x′| (134)
=
∫
d4x |x〉〈x| = 1, (135)
where we have used that detΛ = ±1 for all Λ ∈ L. The unitary operator UˆΛ
acts on |p〉 as
UˆΛ|p〉 = UˆΛ 1√
2π~
4
∫
d4x e−
i
~
px|x〉 (136)
=
1√
2π~
4
∫
d4x e−
i
~
px|Λx〉 (137)
=
1√
2π~
4
∫
d4x e−
i
~
p(Λ−1x)|x〉 (138)
=
1√
2π~
4
∫
d4x e−
i
~
(Λp)x|x〉 (139)
= |Λp〉, (140)
therefore the operators xˆ and pˆ are correctly transformed under the action of
UˆΛ,
Uˆ †ΛxˆUˆΛ = Λxˆ, (141)
Uˆ †ΛpˆUˆΛ = Λpˆ, (142)
and can be regarded as vector operators. In the spacetime representation UˆΛ
acts on event wave functions ψ(x) ∈ L2(R4) as
UˆΛψ(x) = 〈x|UˆΛ|ψ〉 = 〈Λ−1x|ψ〉 = ψ(Λ−1x). (143)
Concluding, the Lorentz group L has a unitary representation
UL := {UˆΛ | Λ ∈ L} (144)
on the event space E .
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3.3 Rotation and boost
The subgroup L↑+ ⊂ L of proper orthochronuous Lorentz transformations is the
group of rotations and boosts. Here, angular momentum and boost operator
are the generators of rotation and boost, respectively.
The group L↑+ is a Lie group that can be parametrized by six parameters.
The first three parameters, written as ~ϕ = (ϕ1, ϕ2, ϕ3), correspond to a rotation
about the axis ~n by the angle ϕ, so that ~ϕ = ϕ~n. The last three parameters,
written as ~θ = (θ1, θ2, θ3), correspond to a boost in the direction of ~m by the
rapidity θ, so that ~θ = θ ~m. The rapidity θ is defined by θ = artanh(v) where
v is the velocity of the boost. One can combine these six parameters into one
antisymmetric 4× 4-matrix ω so that
ωαβ = −ωβα (145)
ω0a = θa (146)
ωij = ǫijkϕc. (147)
An infinitesimal Lorentz tranformation of the event x then reads
Λx = x+ dωx (148)
i.e. Λαβx
β = xα + dωαβx
β. (149)
This implies that the action of an infinitesimal UˆΛ on a quantum event |ψ〉
would read in spacetime representation
UˆΛψ(x) = ψ(x− dωx) (150)
= ψ(x)− dωαβxβ∂αψ(x) (151)
= ψ(x)− i dωαβ xˆαpˆβψ(x). (152)
Because of the antisymmetry of ω we can write
dωαβxˆ
αpˆβ =
1
2
dωαβ(xˆ
αpˆβ − xˆβ pˆα) (153)
=
1
2
dωαβMˆ
αβ , (154)
where
Mˆαβ := xˆαpˆβ − xˆβ pˆα (155)
is hence the generator of the group. As a consequence of the commutator
relation (40), the generator Mˆ is a self-adjoint operator:
(Mˆαβ)† = pˆβxˆα − pˆαxˆβ (156)
= xˆαpˆβ + igβα − (xˆβ pˆα + igαβ) (157)
= xˆαpˆβ − xˆβ pˆα (158)
= Mˆαβ . (159)
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Consequently, a finite proper orthochronuous Lorentz transformation is repre-
sented by the unitary operator
UˆΛ(ω) = e
− i
2
ωαβMˆ
αβ
. (160)
Defining the angular momentum operator
Lˆi :=
1
2
ǫijkMˆ bc = ǫijkxˆj pˆk (161)
i.e. ~ˆL = ~ˆx× ~ˆp (162)
and the boost operator
Kˆi := Mˆ0a = xˆ0pˆi − xˆipˆ0 (163)
i.e. ~ˆK = tˆ~ˆp− ~ˆxEˆ (164)
we arrive at the representation
UˆΛ(~ϕ, ~θ) = e
−i~ϕ~ˆL−i~θ ~ˆK . (165)
Using the commutation relation (40) one can verify that the operators ~ˆL and
~ˆK obey the commutation relations
[Lˆi, Lˆj ] = iǫijkLˆk (166)
[Lˆi, Kˆj ] = iǫijkKˆk (167)
[Kˆi, Kˆj ] = −iǫijkLˆk. (168)
As one can see by looking at (165), the angular momentum operator ~ˆL is the
generator of rotations, while the boost operator ~ˆK is the generator of boosts.
Because both operators are self-adjoint, they represent observable qualities of
an event. Let us fix the natural units of ~L and ~K. By their definition we obtain
[Li] = [Ki] = [xi][pi] = m · 1
m
= 1, (169)
thus they are dimensionless.
The proper orthochronuous Lorentz group L↑+ has the unitary representation
UL↑
+
= {UˆΛ(~ϕ, ~θ) | ~ϕ ∈ [−π, π]3, ~θ ∈ R3} (170)
on E . The 4-position and the 4-momentum are transformed as
Uˆ †ΛxˆUˆΛ = Λxˆ (171)
Uˆ †ΛpˆUˆΛ = Λpˆ. (172)
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3.4 Parity and time reversal
Now we come to the discrete transformations. The parity transformation P flips
the sign of the spacelike coordinates,
P : (t, ~x) 7→ (t,−~x). (173)
The quantization rule (5) yields the corresponding unitary operator
Pˆ =
∫
d4x |t,−~x〉〈t, ~x|. (174)
The parity transformation operator is self-adjoint,
Pˆ† = Pˆ , (175)
thus it corresponds to an observable quality of an event, called the parity. Be-
cause Pˆ2 = 1 the eigenvalues of Pˆ are ±1, corresponding to pair and impair
events, respectively. The parity transformation sends the position and momen-
tum operator to their negative,
Pˆ~ˆxPˆ = −~ˆx (176)
Pˆ ~ˆpPˆ = −~ˆp. (177)
The time reversal transformation flips the sign of the timelike component,
T : (t, ~x) 7→ (−t, ~x). (178)
Following the quantization rule (5), the corresponding unitary operator reads
Tˆ =
∫
d4x |−t, ~x〉〈t, ~x|. (179)
The time reversal operator is self-adjoint,
Tˆ † = Tˆ , (180)
thus it represents an observable quality of an event which we shall call the re-
versibility. Because Tˆ 2 = 1, the eigenvalues of Tˆ are ±1 corresponding to
reversible and antireversible events, respectively. The time reversal transforma-
tion sends the time and energy operator to their negative,
Tˆ tˆTˆ = −tˆ (181)
Tˆ EˆTˆ = −Eˆ. (182)
As the parity and time reversal transformation are discrete transformations, they
have no generators. But since they are self-adjoint operators, they represent
properties themselves. The natural units of P and T are
[P] = [T ] = 1. (183)
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Under parity transformation and time reversal, the 4-position and the 4-momentum
are transformed as
PˆTˆ xˆPˆTˆ = −xˆ (184)
PˆTˆ pˆPˆTˆ = −pˆ. (185)
The full Lorentz group L is obtained by joining
L = L↑+ ∪ PL↑+ ∪ TL↑+ ∪ PTL↑+, (186)
which is unitarily represented by
UL = UL↑+ ∪ PˆUL↑+ ∪ Tˆ UL↑+ ∪ PˆTˆ UL↑+ . (187)
3.5 Poincare´ transformation
Now we join the Lorentz group L with the translation group T to obtain the
full Poincare´ group
P := L ∪ T . (188)
An event x ∈ R4 is Poincare´ transformed by the Lorentz matrix Λ ∈ L and the
translation T (a) ∈ T as
L(Λ,a) : x 7→ Λx+ a. (189)
According to (5) on the event space E such Poincare´ transformation is repre-
sented by the unitary operator
UˆL(Λ,a)|x〉 = |Λx+ a〉 (190)
or
UˆL(Λ,a) =
∫
d4x |Λx+ a〉〈x|. (191)
The above unitary operation can be decomposed into
UˆL(Λ,a) = UˆT (a)UˆΛ, (192)
where the translation operator is given by (100) and the Lorentz operator
by (131). Since translation and Lorentz transformation do not commute, the
ordering of the operators in (192) is important. Concluding, the Poincare´ group
P has a unitary representation
UP = {UˆL | L ∈ P} (193)
on the event space E . The eigenvectors of the 4-momentum pˆ are transformed
as
UˆL(Λ,a)|p〉 = eiΛpa|Λp〉. (194)
The 4-position and the 4-momentum operator are transformed as
Uˆ †L(Λ,a) xˆ UˆL(Λ,a) = Λxˆ+ a (195)
Uˆ †L(Λ,a) pˆ UˆL(Λ,a) = Λpˆ. (196)
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3.6 Poincare´ invariance
The following theorem shows that identical experiments performed in different
reference frames yield identical results, hence QET obeys the principle of special
relativity.
Theorem 1 (Poincare´ invariance)
For any Poincare´ transformation L(Λ,a) ∈ P the transition amplitudes (80)
are invariant under the transformation
|ψ〉 7→ |ψ′〉 = UˆL(Λ,a)|ψ〉 (197)
Aˆ 7→ Aˆ′ = ΛAˆ(Λ−1(xˆ− a)), (198)
where UˆL(Λ,a) ∈ UP is the unitary representation of L(Λ,a) on E , where
|ψ〉 ∈ E is any quantum event and where A is the 4-potential.
Proof. Using (195) one finds that
Uˆ †L(Λ,a)A(xˆ)UˆL(Λ,a) = A(Λxˆ+ a). (199)
Therefore, by further use of (196), the transition amplitudes are Poincare´ trans-
formed as
τ(φ,ψ) = 〈φ|δ(℘ˆ2 −m2)|ψ〉 (200)
= 〈φ|δ((pˆ − Aˆ)2 −m2)|ψ〉 (201)
7→ 〈φ|Uˆ †Lδ
(
(pˆ− ΛA(Λ−1(xˆ− a)))2 −m2)UˆL|ψ〉 (202)
= 〈φ|δ((Λpˆ − ΛA(xˆ))2 −m2)|ψ〉 (203)
= 〈φ|δ((pˆ − Aˆ)2 −m2)|ψ〉 (204)
= τ(φ,ψ), (205)
which completes the proof of the theorem. 
3.7 Charge conjugation
Let us define the family of amplitudes for the transition of a quantum event
from ψ ∈ E to the spacetime points x ∈ R4 as the event orbit corresponding
to the initial event ψ, and denote it by the corresponding capital letter Ψ, so
Ψ(x) := 〈x|Gˆ|ψ〉. (206)
The orbit then has the form
Ψ(x) =
∫
d4xG(x,x′)ψ(x′), (207)
which resembles to the propagated wave function in standard quantum me-
chanics, except that the integration is carried out over R4 instead of R3, which
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is good because it is manifest covariant. In standard QM, the wave function
Ψ(t, ~x) represents the amplitude to find the particle at time t and at posi-
tion ~x. In analogy to that, in QET the orbit function Ψ(t, ~x) represents the
amplitude for the transition ψ → (t, ~x). Because the propagator is given by
Gˆ = δ(℘ˆ2 −m2), we find that
(℘ˆ2 −m2)Gˆ = 0, (208)
and thus
0 = 〈x|(℘ˆ2 −m2)Gˆ|ψ〉 (209)
=
(
(i∂ −A(x))2 −m2) 〈x|Gˆ|ψ〉, (210)
therefore the orbit (206) obeys the equation(
(i∂ −A(x))2 −m2)Ψ(x) = 0. (211)
In section 2.4, A has been identified with the electromagnetic 4-potential, so
the orbit Ψ(x) obeying equation (211) describes a spinless particle exposed to
the electromagnetic potential A. Taking the complex conjugate of the above
equation we obtain (
(i∂ +A(x))2 −m2)Ψ∗(x) = 0. (212)
Hence, the event orbit Ψ∗(x) describes a particle of opposite charge exposed
to the electromagnetic potential A. Therefore the transformation
Ψ(x) 7→ Ψ∗(x) (213)
realizes a charge conjugation. Since Ψ(x) represents the amplitude for the
transition ψ → x, the complex conjugate orbit
Ψ∗(x) = 〈ψ|Gˆ|x〉 (214)
represents the amplitude for the reversed transition x→ ψ. Because the eigen-
vectors |x〉 form a complete basis of E we can deduce the following theorem:
Theorem 2 (Charge conjugation)
The propagation of a particle from ψ to φ is identical to the propagation of
a particle of opposite charge from φ to ψ.
A particle having opposite charge but with all other properties remaining un-
changed is identified with an antiparticle. If we denote the propagation of an
antiparticle from ψ to φ by ψ
−→ φ, then we can write down theorem 2 in the
compact form
ψ
−→ φ = ψ ← φ. (215)
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In particular, a particle propagating backwards in time and space is indistin-
guishable from an antiparticle propagating forwards in time and space, or
(t, ~x)
−→ (t′, ~x′) = (t, ~x)← (t′, ~x′). (216)
This, however, is nothing but the Feynman interpretation of antimatter. Thus,
in the framework of QET, particles and antiparticles appear as different aspects
of one and the same entity. Let us stick to the name “particle” for this entity
that propagates from one event to another. If this propagation happens to be
backwards in time, then the observer will interpret it as the propagation of an
antiparticle. In section 4, we will identify the detection of antiparticles with
negative-energy events.
3.8 Gauge transformation
Following postulate 5, the physical behaviour of the particle is completely de-
fined by the kinetic 4-momentum ℘ˆ whose components obey the commutation
relations
[℘ˆα, ℘ˆβ] = −iFˆαβ (217)
[xˆα, ℘ˆβ] = igαβ . (218)
Therefore, any transformation
℘ˆ 7→ ℘ˆ′, (219)
that leaves the commutation relations (217,218) invariant, does not affect the
physical behaviour of the system. Let us call such a transformation a gauge
transformation. Defining
ηˆ := ℘ˆ′ − ℘ˆ, (220)
we find
[ηˆα, xˆβ ] = [℘ˆ′α, xˆβ ]− [℘ˆα, xˆβ] (221)
= igαβ − igαβ = 0, (222)
and thus ηˆ must be diagonal in x,
ηˆ = η(xˆ) =
∫
d4xη(x) |x〉〈x|. (223)
We then find
[℘ˆα, ηˆβ ] = [pˆα, ηˆβ ]− [Aˆα, ηˆβ ] (224)
= [pˆα, ηˆβ ] (225)
= i∂αηβ(xˆ). (226)
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We further see that
[Pˆ ′α, Pˆ ′β ] = [℘ˆα, ℘ˆβ] + [ηˆα, ℘ˆβ] + [℘ˆα, ηˆβ ] (227)
!
= [℘ˆα, ℘ˆβ], (228)
and thus
[℘ˆα, ηˆβ] = [℘ˆβ, ηˆα] (229)
or equivalently, by using (226),
i∂αηβ(xˆ) = i∂βηα(xˆ). (230)
This implies that ηˆ is of the form
ηˆ = ∂χ(xˆ) =
∫
d4x∂χ(x)|x〉〈x| (231)
for some differentiable real-valued function χ over R4. A gauge transformation
is therefore of the form
℘ˆ 7→ ℘ˆ+ ηˆ, (232)
with ηˆ given by (231). Because of the definition (39), the transformation (232)
can alternatively be conceived as a gauge transformation of the vector potential
Aˆ according to
Aˆ 7→ Aˆ′ = Aˆ− ηˆ, (233)
in which case the operator ηˆ would correspond to a freedom of gauge of the
4-potential Aˆ. The kinetic 4-momentum ℘ˆ generates a modified translation,
ei da·℘ˆ|x〉 = |x+ da〉+ i da ·A(x)|x〉, (234)
so that the transformed event wave function ψ(x) = 〈x|ψ〉 reads
ei da·℘ˆψ(x) = ψ(x− da)− i da ·A(x)ψ(x). (235)
One sees that besides translating the event wave function to another spacetime
point, the above transformation also modifies the the amplitude by a certain
amount. In spacetime representation the kinetic 4-momentum becomes
℘ˆ = iD, (236)
where
D := ∂ + iA(x) (237)
is the so-called covariant derivative, because it transforms covariantly under the
local gauge transformation
A(x) 7→ A′(x) = A(x)− ∂χ(x) (238)
ψ(x) 7→ ψ′(x) = eiχ(x)ψ(x), (239)
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which means that
Dψ(x) 7→ D′ψ′(x) = eiχ(x)Dψ(x). (240)
Thus, in the framework of QET, gauge transformations of the vector potential
and the wave function are equivalent to gauge transformations of the observable
℘ˆ.
In the free case we have Fˆαβ = 0 and therefore the kinetic 4-momentum ℘ˆ
obeys the same commutation relations as the total 4-momentum pˆ. Thus there
is a gauge transformation that maps ℘ˆ 7→ pˆ, so that in the free case the kinetic
4-momentum ℘ˆ can be physically identified with the total 4-momentum pˆ.
4 The free case
Let us now consider the free case, that is, the case where Fˆαβ = 0. The kinetic
4-momentum can in this case be gauge transformed into the total 4-momentum,
℘ˆ 7→ pˆ, and so the propagator becomes Gˆ 7→ Gˆ, where
Gˆ = δ(pˆ2 −m2) (241)
is called the free propagator. The natural unit of the mass m is therefore given
by
[m] = [
√
p2] =
1
m
, (242)
where we recall that m means “meter”. The family of spinless particles can so
far be classified as follows:
m2 > 0 : massive particles (243)
m = 0 : massless particles (244)
m2 < 0 : imaginary-mass particles (tachyons). (245)
The casem2 > 0 actually divides into the casesm > 0 andm < 0. Both type of
particles are governed by the same propagator, so they show the same behaviour.
However, it seems that such negative-mass particles are not physically realized in
the accessible part of the universe, so we will exclude this case in the following.
Similarily, the tachyonic case m2 < 0 is a solution which does not seem to
correspond to a physically realized type of particle. The m = 0 case deserves a
special treatment which we will also not provide here. Altogether, let us in the
following restrict to the case of positive-mass particles, m > 0.
According to postulate 5, a transition ψ → φ is only allowed if the self-
amplitudes of ψ and φ do not vanish,
τ(φ, φ) 6= 0, τ(ψ,ψ) 6= 0, (246)
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that is, ψ and φ must be physically allowed quantum events. For the free case
an event ψ is physically allowed if
〈ψ|δ(pˆ2 −m2)|ψ〉 6= 0. (247)
The free propagator can be transformed as
Gˆ = δ(pˆ2 −m2) =
∫
d4p δ(p2 −m2)|p〉〈p| (248)
=
∫
dE
∫
d3p
1
2Ep
{
δ(E − Ep) + δ(E + Ep)
}|E, ~p〉〈E, ~p| (249)
=
∫
d3p
1
2Ep
|Ep, ~p〉〈Ep, ~p|+
∫
d3p
1
2Ep
|−Ep, ~p〉〈−Ep, ~p|, (250)
where
Ep :=
√
~p2 +m2. (251)
Thus any physically allowed event ψ must have support on the upper or lower
mass shell. Therefore it is reasonable to categorize free particles according to
the sign of their energy. Introduce the two projectors onto the positive- and
negative energy subspace,
Πˆ± := θ(±Eˆ), (252)
where
θ(x) :=
{
1 ;x > 0
0 ;x < 0
(253)
is the Heaviside step function, then
Πˆ+Πˆ− = 0, Πˆ+ + Πˆ− = 1. (254)
Now consider a physically allowed event ψ+ ∈ E with only positive-energy
contribution,
〈ψ+|Πˆ−|ψ+〉 = 0. (255)
The orbit of such an event reads
Ψ+(t, ~x) = 〈t, ~x|Gˆ|ψ+〉 (256)
= 〈t, ~x|
∫
d3p
1
2Ep
|Ep, ~p〉〈Ep, ~p|ψ+〉 (257)
=
∫
d3p
1
2Ep
e−i(Ept−~p~x)ψ+(Ep, ~p), (258)
which equals a relativistic positive-energy wave package propagating forwards
in time and space. Next, consider a physically allowed event ψ− ∈ E with only
negative-energy contribution,
〈ψ−|Πˆ+|ψ−〉 = 0, (259)
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V ≫ 0
V ≪ 0
(a) (b) (c)
V = 0
Figure 4: (a): In the free case there is no transition from a positive-energy event
(evidence of a particle) to a negative-energy event (evidence of an antiparticle). (b)
and (c): If there is an adequate interaction potential, then such transition becomes
possible, which the observer interprets as the creation or annihilation of a particle-
antiparticle pair (dotted lines).
whose orbit reads
Ψ−(t, ~x) = 〈t, ~x|Gˆ|ψ−〉 (260)
= 〈t, ~x|
∫
d3p
1
2Ep
|−Ep, ~p〉〈−Ep, ~p|ψ−〉 (261)
=
∫
d3p
1
2Ep
e+i(Ept−~p~x)ψ−(−Ep,−~p), (262)
which equals a negative-energy wave package propagating backwards in time and
space. According to theorem 2, this cannot be distinguished from an antiparticle
wave propagating forwards in time and space. Consequently, the negative energy
event ψ− appears to the observer as the evidence of an antiparticle.
There can be no conversion of a free particle into its antiparticle, because
Πˆ−GˆΠˆ+ = 0, (263)
as one can directly see by (250). Thus, an event |ψ〉 with only positive energy
cannot cause an event |φ〉 with only negative energy and vice versa. This no
longer holds true for the non-free case. Here it is possible that a positive-energy
event causes a negative-energy event due to the interaction. Such transition
appears to the observer as particle-antiparticle pair creation or annihilation (see
Fig. 4), depending on the nature of the interaction potential.
5 SI units and natural constants
So far, the only unit that we need is the unit of distance, arbitrarily defined
as 1 meter, and there are no natural contants. Let us now implement some
additional units that are historically motivated. After this implementation the
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unit system will be called the SI unit system and there will have appeared some
constants which will be called natural constants.
First, we introduce the second (s) as the unit of time. This is implemented
by the replacement
(t, ~x) 7→ (ct, ~x), (264)
where the speed of light is set to
c := 2.99792458 · 108m/s. (265)
Consequently, 1 second is the time that light needs to travel a distance of
299,792,458 meters. The time t is measured in seconds while the components
of a spacetime point
x = (ct, ~x), (266)
are still measured in meters. In analogy to the temporal component of x we
redefine the temporal component of the total 4-momentum p according to
(E, ~p) 7→ (E/c, ~p), (267)
so that px = Et − ~p~x remains unchanged. Next, we introduce the Coulomb
(C) as the unit of charge. This is implemented by replacing the potential 4-
momentum by
A 7→ e
c
A, (268)
where the quantity
e := 1.60217646 · 10−19 C (269)
is called the elementary charge. The kinetic 4-momentum thus obtains the form
℘ = p− e
c
A. (270)
Next, we introduce the Joule (J) as the unit of energy. This is implemented by
replacing the kinetic 4-momentum by
℘ 7→ 1
~
℘, (271)
where the quantity
~ := 1.05457148 · 10−34 J s (272)
is called the Planck constant. Because of this replacement, the canonical com-
mutation relations become
[
1
~
℘ˆα, xˆβ ] = igαβ , (273)
and thus
[℘ˆα, xˆβ ] = i~gαβ . (274)
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Furthermore, the replacement gives rise to
e−ipx 7→ e− i~px. (275)
In order for the 4-vector 1
~
p = 1
~
(℘ − e
c
A) to have the unit of 1/m, so that
1
~
px remains unit-free, the unit of the components of p must be
[pα] =
J s
m
. (276)
Because ecA has the same units as p, we have
[Aα] =
c
e
[pα] (277)
=
m/s
C
J s
m
(278)
=
J
C
, (279)
which coincides with the unit “Volt”. Up to here, the replacements induce the
modification of the propagator according to
δ(℘ˆ2 −m2) 7→ δ
((
1
~
℘ˆ
)2
−m2
)
(280)
= ~2 δ(℘ˆ2 − ~2m2), (281)
where we have used that δ(cf(x)) = 1c δ(f(x)) for any constant c > 0.
Lastly, we introduce the kilogramm (kg) as the unit of mass. This is imple-
mented by the replacement
m 7→ mc
~
, (282)
so that the propagator becomes
~
2δ(℘ˆ2 − ~2m2) 7→ ~2δ(℘ˆ2 −m2c2). (283)
We therefore find that the unit of mass, the kilogramm, obeys
[m] ≡ kg (284)
=
[√
p2
c2
]
=
√
(J s/m)2
(m/s)2
(285)
=
J s2
m2
. (286)
From where we obtain
J =
kgm2
s2
. (287)
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Thus in terms of (kg,m, s,C), the units of x, p and A are given by
[xα] = m (288)
[pα] =
kgm
s
(289)
[Aα] =
kgm2
s2 C
. (290)
Altogether, the conversion from natural units to the SI unit system is performed
by the replacements
(t, ~x) 7→ (ct, ~x) (291)
(E, ~p) 7→ (E/c, ~p) (292)
A 7→ e
c
A (293)
℘ 7→ 1
~
℘ (294)
m 7→ mc
~
. (295)
In SI units, the 4-position and the kinetic 4-momentum respectively read
x =
(
ct
~x
)
, ℘ =
(
E/c− ecU
~p− ec ~A
)
, (296)
the position-momentum brackets are given by
〈x|p〉 = 1√
2π~
4 e
− i
~
px, (297)
and the propagator becomes
Gˆ = ~2δ(℘ˆ2 −m2c2). (298)
6 The limit to standard Quantum Mechanics
6.1 Non-relativistic limit
Now we will perform the non-relativistic limit and find that in this limit the
orbit wave function Ψ(t, ~x) = 〈t, ~x|Gˆ|ψ〉 obeys the familiar time-dependent
Schro¨dinger equation. In order to perform the non-relativistic limit we switch
to the SI unit system and rescale the kinetic energy so that the positive rest
energy is set to zero. After that, we neglect terms of order 1/c2 and higher.
This leads us us to the nonrelativistic particle approximation. The rescaling of
the kinetic energy is done by remapping
℘0 7→ ℘0 +mc. (299)
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This transforms the kinetic 4-momentum into
℘ˆ =
(
1
c
(Eˆ − eUˆ) +mc
~ˆp− ec ~ˆA
)
. (300)
From there we obtain
℘ˆ2 =
(
1
c
(Eˆ − eUˆ) +mc
)2
−
(
~ˆp− e
c
~ˆA
)2
(301)
=
1
c2
(Eˆ − eUˆ)2 + 2m(Eˆ − eUˆ) +m2c2 −
(
~ˆp− e
c
~ˆA
)2
. (302)
Next, we neglect terms that are of order 1/c2 or higher. The above expression
then simplifies to
℘ˆ2 → 2m(Eˆ − eUˆ) +m2c2 −
(
~ˆp− e
c
~ˆA
)2
. (303)
Therefore, the propagator is in the nonrelativistic limit given by
Gˆ = ~2δ(℘ˆ2 −m2c2) (304)
→ ~2δ
(
2m(Eˆ − eUˆ)−
(
~ˆp− e
c
~ˆA
)
2
)
(305)
=
~
2
2m
δ
(
Eˆ − eUˆ− 1
2m
(
~ˆp− e
c
~ˆA
)
2
)
, (306)
which can be brought into the form
Gˆ = ~
2
2m
δ(Eˆ − Hˆ), (307)
where the operator
Hˆ :=
1
2m
(
~ˆp− e
c
~ˆA
)2
+ eUˆ (308)
is identified as the Hamiltonian of the system. It can be brough into the form
Hˆ =
∫
dt |t〉〈t| ⊗ Hˆ(t), (309)
where
Hˆ(t) =
1
2m
(
~ˆp− e
c
~ˆA(t)
)2
+ eUˆ(t) (310)
acts on the factor space H = L2(R3) of standard quantum mechanics. The
nonrelativistic propagator (307) obeys the equation
(Eˆ − Hˆ)Gˆ = 0, (311)
so that for some initial event |ψ〉 ∈ E we obtain
〈t, ~x|(Eˆ − Hˆ)Gˆ|ψ〉 =
(
i~
∂
∂t
− Hˆ
)
〈t, ~x|Gˆ|ψ〉 = 0, (312)
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where
Hˆ =
1
2m
(
i~∇+ e
c
~A
)2
+ eU (313)
is the time-dependent Hamiltonian of the system. Thus for the event orbit
Ψ(t, ~x) ≡ 〈t, ~x|Gˆ|ψ〉 we obtain(
i~
∂
∂t
− 1
2m
(
i~∇+ e
c
~A(t, ~x)
)2
+ eU(t, ~x)
)
Ψ(t, ~x) = 0, (314)
which coincides with the Schro¨dinger equation of a nonrelativistic particle ex-
posed to an electromagnetic potential. In terms of the propagator function
G(t, ~x; t′, ~x′) ≡ 〈t, ~x|Gˆ|t′, ~x′〉, we find
〈t, ~x|(Eˆ − Hˆ)Gˆ|t′, ~x′〉 =
(
i~
∂
∂t
− Hˆ
)
G(t, ~x; t′, ~x′) = 0, (315)
and thus G itself obeys the Schro¨dinger equation. Let us temporarily assume
that the Hamiltonian is constant in time. In this case Eˆ and Hˆ commute and
the propagator can be written as
Gˆ = ~
2
2m
∫
dE δ(E − Hˆ)|E〉〈E|, (316)
where |E〉 is an eigenvector of Eˆ ≡ pˆ0, so that
|E, ~p〉 = |E〉 ⊗ |~p〉 (317)
are the 4-position eigenvectors. Now let us sandwich the propagator with time
eigenvectors |t〉 appearing in the product form of the 4-position basis
|t, ~x〉 = |t〉 ⊗ |~x〉. (318)
Then, using 〈t|E〉 = 1√
2π~
e−
i
~
Et, we obtain
〈t|Gˆ|t′〉 = ~
4πm
∫
dE e−
i
~
E(t−t′)δ(E − Hˆ) (319)
=
~
4πm
e−
i
~
Hˆ(t−t′) (320)
=
~
4πm
Uˆ(t− t′), (321)
where Uˆ(t) = e−
i
~
Hˆt is the unitary time evolution operator acting on the Hilbert
space H = L2(R3) spanned by the position basis vectors |~x〉. In case of a time-
dependent Hamiltonian, the unitary time evolution operator is given by
Uˆ(t, t′) = T e− i~
∫ t
t′
ds Hˆ(s), (322)
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where T is the Dyson time ordering operator. So we can generally write the
non-relativistic propagator in the form
Gˆ = κ
∫
dt
∫
dt′ |t〉〈t′| ⊗ Uˆ(t, t′). (323)
with κ = ~4πm , and where Uˆ(t, t
′) obeys the Schro¨dinger equation(
i~
∂
∂t
− Hˆ(t)
)
Uˆ(t, t′) = 0. (324)
The transition amplitude between two events |ψ〉 and |φ〉 thus becomes
τ(φ,ψ) = 〈φ|Gˆ|ψ〉 (325)
= κ
∫
dt
∫
dt′ 〈φ|(|t〉〈t′| ⊗ Uˆ(t, t′))|ψ〉 (326)
= κ
∫
dt
∫
dt′ 〈Φt|Uˆ(t, t′)|Ψt′〉, (327)
where
|Ψt〉 ≡ 〈t|ψ〉, |Φt〉 ≡ 〈t|φ〉 (328)
are “time-projected” vectors in the factor space H = L2(R3). It should be
noted that the norm of these vectors is a nontrivial function of t and obeys∫
dt 〈Ψt|Ψt〉 =
∫
dt 〈ψ|t〉〈t|ψ〉 = 〈ψ|ψ〉 <∞. (329)
The family of vectors |Ψt〉 can therefore not be interpreted as the state trajectory
|Ψ(t)〉 of the particle. This would not be meaningful anyway, because the
dynamics of the particle is determined by the orbit |Ψ〉 = Gˆ|ψ〉 and not by the
event vector |ψ〉.
6.2 Time-energy uncertainty
Because the derived Hamiltonian (309) is diagonal in time, it commutes with
the fundamental time operator,
[Hˆ, tˆ] = 0. (330)
This goes in contrast to the time operators considered in other approaches.
Also, it completely circumvents Pauli’s counterargument against a time observ-
able [31]. As a consequence, there is no time-energy uncertainty as long as
energy is directly identified with the Hamiltonian Hˆ. On the other hand, we
have a time-energy uncertainty relation between Eˆ and tˆ, because by construc-
tion
[Eˆ, tˆ] = i, (331)
42
and thus
∆E∆t ≥ 1
2
, (332)
where E indicates the eigenvalue of the fundamental energy operator Eˆ. How
can this be understood?
The time-energy uncertainty relation has always been a controversal is-
sue [32, 33, 34, 35]. There are theoretical considerations and experimental
facts that strengthen an uncertainty relation between the measured energy of
the system and the duration of this measurement. Such a time-energy uncer-
tainty relation can also be derived in a quite general way when considering an
interacting environmental system [36, 37]. On the other hand it has been shown
by Aharonov and Bohm [32] that there are particular cases where the duration
of an energy measurement does not affect the uncertainty of the measurement
result. This paradoxical situation can be solved [38] if one distinguishes between
the measurement of an apriori known and an apriori unknown Hamiltonian: In
case the Hamiltonian is unknown it must be estimated by observing the dy-
namics of the system. The uncertainty of such estimation and the duration of
the measurement obey a relation of the form (332). On the other hand, if the
Hamiltonian is explicitely known, then it is possible to design a measurement
which circumvents a time-energy uncertainty relation, as shown in [32].
In QET, the operator Eˆ represents the energy, but it is not identical to the
Hamiltonian. In the nonrelativistic limit, the Hamiltonian shows up as exactly
that operator that coincides with the energy of the particle’s orbit |Ψ〉 = Gˆ|ψ〉,
because the orbit fullfills
(Eˆ − Hˆ)|Ψ〉 = 0. (333)
The orbit is not a member of the Hilbert space E and thus cannot be regarded
as an event, but it is the closest thing next to the “trajectory” of a particle,
because its spacetime representation Ψ(t, ~x) obeys the Schro¨dinger equation.
Altogether, the energy is, like the momentum, a fundamental observable which is
not dependent on external settings, and which fulfills an uncertainty relation with
time, while the Hamiltonian is an operator that is dependent on external settings
(the potentials), and that appears in the nonrelativstic limit as an operator
whose eigenvalues coincide with the energy eigenvalues along the trajectory of
the system.
6.3 Sharp-time limit
Let us in the non-relativistic approximation consider the transition amplitudes
between two events ψ and φ under the assumption that the time uncertainty
of both events is neglegible, an approximation which we will call the sharp-time
limit. We will find that in this limit the transition probabilities between two
events take the same form as those of standard quantum mechanics.
The sharp-time limit is realized by considering the two involved events as
sharply peaked at two distinct times t0 and t1. The abstract representations of
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these two events are given by
|ψ〉 = |t0,Ψ〉 ≡ |t0〉 ⊗ |Ψ〉 (334)
|φ〉 = |t1,Φ〉 ≡ |t1〉 ⊗ |Φ〉, (335)
Where |Ψ〉, |Φ〉 are elements of the factor space H = L2(R3) that contains the
ordinary quantum “states”. The time-projected vectors (328) become
|Ψt〉 = δ(t − t0)|Ψ〉, |Φt〉 = δ(t− t1)|Φ〉. (336)
Then, using the non-relativistic propagator (323), the amplitude for the transi-
tion ψ → φ becomes
τ(φ,ψ) = 〈φ|Gˆ|ψ〉 (337)
= 〈t1,Φ|Gˆ|t0,Ψ〉 (338)
= κ
∫
dt
∫
dt′〈t1|t〉〈t′|t0〉〈Φ|Uˆ(t, t′)|Ψ〉 (339)
= κ
∫
dt
∫
dt′δ(t− t1)δ(t′ − t0)〈Φ|Uˆ (t, t′)|Ψ〉 (340)
= κ〈Φ|Uˆ (t1, t0)|Ψ〉. (341)
Because Uˆ(t, t) = 1 for all t ∈ R, the transition probability for the process
reads
P (φ,ψ) =
|τ(φ,ψ)|2
τ(φ, φ)τ(ψ,ψ)
(342)
=
|κ|2|〈Φ|Uˆ(t1, t0)|Ψ〉|2
|κ|2〈Φ|Uˆ(t1, t1)|Φ〉〈Ψ|Uˆ (t0, t0)|Ψ〉
(343)
=
|〈Φ|Uˆ(t1, t0)|Ψ〉|2
〈Φ|Φ〉〈Ψ|Ψ〉 , (344)
which coincides with the probability for the transition from the state Ψ at time
t0 to the state Φ at time t1, as it is obtained in standard nonrelativistic quantum
mechanics. It should be remarked that in standard quantum mechanics the time
uncertainty is always assumed to be zero, because the system is necessarily in a
certain state at a certain time, and there is no room for any “time uncertainty”.
In the framework of QET, a finite time uncertainty is obligatory because the
vectors with zero time uncertainty, the time eigenvectors, are no members of
the event Hilbert space E and thus do not represent physically possible events.
Hence, it is no longer possible to say that a particle is in a certain state at a
certain time.
Altogether, we have shown that in the nonrelativistic sharp-time limit, the
formalism of QET yields the same predictions as those obtained from standard
non-relativistic QM.
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7 Epilog
The present paper is an outline of the basic concepts for a quantum mechanical
theory that describes the kinematics of individual events rather than of individual
states. Since this mechanical concept deviates from the standard concept, the
theory is a mechanical theory alternative to the existing mechanical theories.
There are several interesting open tasks, some of which are to be presented
in a subsequent paper:
1. Investigate causality in the framework of QET.
2. Elaborate a perturbation theory which allows the construction of Feynman-
like diagrams.
3. Include spin in the description.
4. Work out a theory of multi-events, and investigate the connection to
Quantum Field Theory.
5. Think about how gravity could be integrated into QET.
This work is the result of several years of reasoning and it has a moved history on
its own. I could hardly mention all arguments, counterarguments, associations,
and controversies that have come along the way. I am thankful for fruitful
discussions with other collegues, in particular with Jens Eisert, Timo Felbinger,
and Juan Gonzalo Muga. I am aware that the topic of the paper touches highly
controversial issues, but there can be no scientific progress without sometimes
taking a risk. I hope that the reader tries to understand the ideas presented in
this paper, and does not retreat to a categorical denial because of the somewhat
unorthodox presentation, or because of a different philosophical attitude. If the
reader does not agree with certain conceptual and philosophical aspects, he or
she may take the theory at least as a mathematical construct that provides a
self-consistent description of a small but fundamental part of the physical world,
based on some unusual assumptions about the nature of time and space.
References
[1] I. Kant (trans. N.K. Smith). Critique of Pure Reason. St. Martin’s Press,
New York, 1965.
[2] I. Newton (trans. A. Motte). The Principia. Prometheus Books, New York,
1995.
[3] A. Einstein. Zur Elektrodynamik bewegter Ko¨rper. Ann. Phys. Chem.,
17:891–921, 1905.
[4] K.J. Bostro¨m. Quantizing time. quant-ph/0305128, 2003.
45
[5] J.G. Muga, R. Sala Mayato, and I.L. Egusquiza, editors. Time in Quantum
Mechanics. Springer, 2002.
[6] V. Delgado and J.G. Muga. Arrival time in quantum mechanics. Phys.Rev.
A, 56:3425, 1997. quant-ph/9704010.
[7] J.G. Muga, R. Sala, and J.P. Palao. The time of arrival concept in quan-
tum mechanics. Superlattices and Microstructures, 24(4), 1998. quant-
ph/9801043.
[8] I.L. Egusquiza and J.G. Muga. Free motion time-of-arrival operator and
probability distribution. Phys.Rev. A, 61:012104, 1999. quant-ph/9807066.
[9] R. Werner. Arrival time observables in quantum mechanics. Ann. Inst.
Henri Poincare´, 47(4):429–449, 1987.
[10] J. Oppenheim, B. Reznik, and W.-C. Unruh. Time as an observable.
Lecture Notes in Physics, Berlin Springer Verlag, 517:204, 1999. quant-
ph/9807058.
[11] M. Moshinsky. Diffraction in time. Phys. Rev., 88:625, 1952.
[12] P. Szriftgiser, D. Ge´ry-Odelin, M. Arndt, and J. Dalibard. Atomic wave
diffraction and interference using temporal slits. Phys. Rev. Lett., 77:4,
1996.
[13] R. Brunetti and K. Fredenhagen. Time of occurrence observable in quan-
tum mechanics. Phys. Rev. A, 66:044101, 2002.
[14] F.T. Smith. Lifetime matrix in collision theory. Phys. Rev., 118:349, 1960.
[15] E. H. Hauge and J. A. Støvneng. Tunneling times: a critical review. Rev.
Mod. Phys., 61:917, 1989.
[16] R. Landauer and Th. Martin. Barrier interaction time in tunneling. Rev.
Mod. Phys., 66:217, 1994.
[17] L. Mandelstamm and I. Tamm. J. Phys. (U.S.S.R.), 9:249, 1945.
[18] J.G. Muga. Characteristic times in one-dimensional scattering. In J.G.
Muga, R. Sala Mayato, and I.L. Egusquiza, editors, Time in Quantum
Mechanics, chapter 2, page 29. Springer, 2002.
[19] V. Weisskopf and E. Wigner. Berechnung der natu¨rlichen Linienbreite auf
Grund der Diracschen Lichttheorie. Z. Phys., 15:54–73, 1930.
[20] J. Dalibard and Y. Castin. Wave-function approach to dissipative processes
in quantum optics. Phys. Rev. Lett., 68:580, 1992.
46
[21] M.B. Plenio and P.L. Knight. The quantum-jump approach to dissipative
dynamics in quantum optics. Rev. Mod. Phys., 70:101, 1998.
[22] J.B. Hartle. Quantum kinematics of spacetime. II. A model quantum cos-
mology with real clocks. Phys. Rev. D, 38(10):2985–2999, 1988.
[23] H. Salecker and E.P. Wigner. Quantum limitations of the measurement of
space-time distances. Phys. Rev., 109:571, 1958.
[24] V. Buzˇek, R. Derka, and S. Massar. Optimal quantum clocks. Phys. Rev.
Lett., 82:2207, 1999.
[25] R.B. Griffiths. Consistent histories and the interpretation of quantum me-
chanics. J. Stat. Phys., 36:219, 1984.
[26] R. Omne`s. Consistent interpretations of quantum mechanics. Rev. Mod.
Phys., 64:339, 1992.
[27] J. B. Hartle. Spacetime coarse grainings in nonrelativistic quantum me-
chanics. Phys. Rev. D, 44:3173, 1991.
[28] Ph. Blanchard and A. Jadcyk. Relativistic quantum events. Found. Phys.,
26:1669, 1996. quant-ph/9610028.
[29] Ph. Blanchard, A. Jadcyk, and A. Ruschhaupt. How events come into
being: EEQT, particle tracks, quantum chaos and tunnelling time. J.
Mod. Opt., 47:2247, 2000. quant-ph/9911113.
[30] A. Bohm and M. Gadella. Dirac Kets, Gamow Vectors and Gel’fand
Triplets. Springer, 1989.
[31] W. Pauli. Handbuch der Physik, page 60. Springer, Berlin, 1926.
[32] Y. Aharonov and D. Bohm. Time in the quantum theory and the un-
certainty relation for time and energy. Phys. Rev. A, 122(5):1649–1658,
1961.
[33] P. Busch. The time-energy uncertainty relation. In J.G. Muga, R. Sala
Mayato, and I.L. Egusquiza, editors, Time in Quantum Mechanics, chap-
ter 3, page 69. Springer, Berlin, 2002. quant-ph/0105049.
[34] R. Brunetti and K. Fredenhagen. Remarks on time-energy uncertainty
relations. Rev. Math. Phys., 14:897–906, 2002. quant-ph/0207048.
[35] J.H.Eberly. Time operators, partial stationarity, and the time-energy un-
certainty relation. Phys. Rev. D, 7(2):359–362, 1973.
[36] J.S. Briggs and J.M. Rost. Time dependence in quantum mechanics.
EPJD, 10:311, 2000. quant-ph/9902035.
47
[37] J.S. Briggs and J.M. Rost. On the derivation of the time dependent equa-
tion of Schro¨dinger. Found. of Phys., 31:693, 2001.
[38] Y. Aharonov, S. Massar, and S. Popescu. Measuring energy, estimating
hamiltonians, and the time-energy uncertainty relation. Phys. Rev. A,
66:052107, 2002. quant-ph/0110004.
48
